The generalized k-connectivity κ k (G) of a graph G is a parameter that can measure the reliability of a network G to connect any k vertices in G, which is proved to be NPcomplete for a general graph G. In this paper, we study the generalized 3-connectivity of some general m-regular and m-connected graphs G n constructed recursively and obtain that κ 3 (G n ) = m − 1, which attains the upper bound of κ 3 (G) [Discrete Mathematics 310 (2010) 2147-2163 given by Li et al. for G = G n . As applications of the main result, the generalized 3-connectivity of many famous networks such as the alternating group graph AG n , the k-ary n-cube Q k n , the split-star network S 2 n and the bubble-sort-star graph BS n etc. can be obtained directly.
Introduction
For an interconnection network, one mainly concerns the reliability and fault tolerance. An interconnection network is usually modeled as a connected graph G = (V, E), where nodes represent processors and edges represent communication links between processors. The connectivity κ(G) of a graph G is defined as the minimum number of vertices whose deletion results in a disconnected graph, which is an important parameter to evaluate the reliability and fault tolerance of a network. In addition, Whitney [23] defines the connectivity from local point of view. That is, for any subset S = {u, v} ⊆ V (G), let κ G (S) denote the maximum number of internally disjoint paths between u and v in G. Then κ(G) = min{κ G (S)|S ⊆ V (G) and |S| = 2}. As a generalization of the traditional connectivity, Chartrand et al. [2] introduced the generalized k-connectivity in 1984. This parameter can measure the reliability of a network G to connect any k vertices in G. Let S ⊆ V (G) and κ G (S) denote the maximum number r of edge-disjoint trees T 1 , T 2 , . . . , T r in G such that V (T i ) V (T j ) = S for any i, j ∈ {1, 2, . . . , r} and i = j. For an integer k with 2 ≤ k ≤ n, the generalized k-connectivity of a graph G is defined as κ k (G) = min{κ G (S)|S ⊆ V (G) and |S| = k}. The generalized 2-connectivity is exactly the traditional connectivity. Li et al. [16] derived that it is NP-complete for a general graph G to decide whether there are k internally disjoint trees connecting S, where k is a fixed integer and S ⊆ V (G). Some results [14, 18] about the upper and lower bounds of the generalized connectivity are obtained. In addition, there are some results of generalized 3-connectivity for some special kinds of graphs. For example, Chartrand et al. [6] studied the generalized connectivity of complete graphs; Li et al. [20] characterized the minimally 2-connected graphs G with generalized connectivity κ 3 (G) = 2; Li et al. [11] studied the generalized 3-connectivity of Cartesian product graphs; Li et al. [17] studied the generalized 3-connectivity of graph products; Li et al. [21] studied the generalized connectivity of the complete bipartite graphs; Li et al. [15] studied the generalized 3-connectivity of the star graphs and bubble-sort graphs and Li et al. [13] studied the generalized 3-connectivity of the Cayley graph generated by trees and cycles. For more results about the generalized connectivity, one can refer [12, 19] for the detail.
In this paper, we study the generalized 3-connectivity of some general m-regular and m-connected graphs G n constructed recursively and obtain that κ 3 (G n ) = m − 1. As applications of the main result, the generalized 3-connectivity of many famous networks such as the alternating group graph AG n , the k-ary n-cube Q k n , the split-star network S 2 n and the bubble-sort-star graph BS n etc. can be obtained directly. The paper is organized as follows. In section 2, some notations and definitions are given. In section 3, the generalized 3-connectivity of the regular graph G n is determined, which is the main result. In section 4, as applications of the main result, the generalized 3-connectivity of some famous networks are obtained. In section 5, the paper is concluded.
Preliminary
In this section, some terminologies and notation are introduced. For terminologies and notations undefined here, one can follow [1] for the detail.
Terminologies and notation
Let G = (V, E) be a simple, undirected graph. Let |V (G)| be the size of vertex set and |E(G)| be the size of edge set. For a vertex v in G, we denote by N G (v) the neighbourhood of the vertex v in G and
Let d G (v) denote the degree of the vertex v in G and δ(G) denote the minimum degree of the graph G. The subgraph induced by V ′ in G, denoted by G[V ′ ], is a graph whose vertex set is V ′ and the edge set is the set of all the edges of G with both ends in V ′ . A graph is said to be k-regular if for any vertex v of G, d G (v) = k. Two xy-paths P and Q in G are internally disjoint if they have no common internal vertices, that is V (P ) V (Q) = {x, y}. Let Y ⊆ V (G) and X ⊂ V (G) \ Y , the (X, Y )-paths is a family of internally disjoint paths starting at a vertex x ∈ X, ending at a vertex y ∈ Y and whose internal vertices belong to neither X nor Y . If X = {x}, the (X, Y )-paths is a family of internal disjoint paths whose starting vertex is x and the terminal vertices are distinct in Y , which is referred to as a k-fan from x to Y . Let [n] = {1, 2, · · · , n}. Let Γ be a finite group and S be a subset of Γ, where the identity of the group does not belong to S. The Cayley graph Cay(Γ, S) is a digraph with vertex set Γ and arc set {(g, g.s)|g ∈ Γ, s ∈ S}. If S = S −1 , then Cay(Γ, S) is an undirected graph, where S −1 = {s −1 |s ∈ S}. Definition 1. Let n, r, a ≥ 1 be integers. Let G n be an n-th regular graph, which can be recursively constructed as follows:
(1) The 1-th regular graph, say G 1 , is a r-regular and r-connected graph with order a.
(2) For n ≥ 2, the n-th regular graph, say G n , is a regular graph that consists of p n copies of G n−1 , say
, it has two neighbours outside G i n−1 , which are called the outside neighbours of u. In addition, the two outside neighbours of u belong to different G edges between G i n−1 and G j n−1 for i = j and i, j ∈ [p n ].
(5)
(6) G n is m-regular and m-connected, where m = r + 2(n − 1).
2.2 Some networks can be regarded as the regular graph G n
The alternating group graph AG n
The alternating group graph was introduced by Jwo et al. [9] in 1993. It is defined as follows.
Definition 2. Let A n be the alternating group of order n with n ≥ 3 and let S = {(12i), (1i2)| 3 ≤ i ≤ n}. The alternating group graph, denoted by AG n , is defined as the Cayley graph Cay(A n , S).
By the definition of AG n , it is a 2(n − 2)-regular graph with n!/2 vertices. Let A i n be the subset of A n that consists of all even permutations with element i in the rightmost position and let AG i n−1 be the subgraph of AG n induced by A i n for i ∈ [n]. Then AG i n−1 is isomorphic to AG n−1 for each i ∈ [n] and we call such an AG i n−1 a copy of AG n−1 . Thus, AG n can be decomposed into n copies of AG n−1 , namely,
, where just denotes the corresponding decomposition of AG n . For each vertex u ∈ V (AG i n−1 ), it has 2(n − 3) neighbours in AG i n−1 and two neighbours outside AG i n−1 , which are called the outside neighbours of u.
. . . AG n n−1 for n ≥ 3. Then the following results hold.
(1) For any vertex u of AG i n−1 , it has two outside neighbours.
(2) For any copy AG i n−1 , no two vertices in AG i n−1 have a common outside neighbour. In addition, |N (
The k-ary n-cube network, denoted by Q k n , was introduced by S. Scott et al. [22] in 1994. It is defined as follows.
Definition 3. The k-ary n-cube, denoted by Q k n , where k ≥ 2 and n ≥ 1 are integers, is a graph consisting of k n vertices, each of these vertices has the form u = u n−1 u n−2 · · · u 0 , where
n are adjacent if and only if there exists an integer j, where 0 ≤ j ≤ n − 1, such that u j = v j ± 1(modk) and
By the definition of Q k n , it is 2n-regular for k ≥ 3 and n-regular for k = 2. Clearly, Q k 1 is a cycle of length k and Q 2 n is the hypercube. The k-ary n-cube Q k n can be partitioned into k disjoint subcubes along the jth-dimension
, which are called the outside neighbours of u.
and n ≥ 1. Then the following results hold.
(1) For any vertex u of Q k n−1 [i] , it has exactly two outside neighbours.
(2) The outside neighbours of u belong to different copies of Q k n−1 . That is, no two vertices in Q k n−1 have a common outside neighbour.
and they belong to different copies of Q k n−1 . (3) As any vertex in Q k n−1 [i] has two outside neighbours and
The split-star network S 2 n
The split-star network, denoted by S 2 n , was proposed by E. Cheng et al. [5] as an attractive variation of the star graph in 1998. It is defined as follows.
n , is defined as the Cayley graph Cay(Sym(n), S).
By the definition of S 2 n , it is a (2n−3)-regular graph with n! vertices. Let V n:i n be the set of all vertices in S 2 n with the n-th position being i, that is, V n:
is isomorphic to S 2 n−1 and we call such an S 2 n−1 [i] a copy of S 2 n−1 . Thus, S 2 n can be decomposed into n copies of S 2 n−1 , namely, 
Then the following results hold.
, it has exactly two outside neighbours. (2) The outside neighbours of u belong to different copies of S 2 n−1 . That is, no two vertices in
The bubble-sort star graph BS n
The bubble-sort star graph, denoted by BS n , was introduced by Z. Chou et al. [7] in 1996. It is defined as follows.
The n-dimensional bubble-sort star graph, denoted by BS n , is defined as the Cayley graph Cay(Sym(n), S).
By the definition of BS n , it is a (2n−3)-regular graph with n! vertices. For an integer i ∈ [n], let BS i n−1 be the graph induced by the vertex set
and we call such an BS i n−1 a copy of BS n−1 . Thus, BS n can be decomposed into n copies of BS n−1 , namely,
, it has 2n − 5 neighbours in BS i n−1 and two neighbours outside BS i n−1 , which are called the outside neighbours of u.
. . . BS n n−1 , where n ≥ 4. Then the following results hold.
(1) For any vertex u of BS i n−1 for i ∈ [n], it has exactly two outside neighbours. (2) For any vertex u of BS n , the outside neighbours of u belong to different copies of BS n−1 . That is, no two vertices in BS i n−1 have a common outside neighbour for i ∈ {1, 2, · · · , n}.
3 The generalized 3-connectivity of the regular graph G n In this section, we will study the generalized 3-connectivity of the regular graph G n . The following lemmas are useful to our main result. Lemma 13. Let G n and r be the same as definition 1.
Proof. Without loss of generality, let H = G 1 n−1
To prove the result, we just need to show that there are r + 2(n − 2) internally disjoint paths for any two distinct vertices of H. Let v 1 , v 2 ∈ V (H) and v 1 = v 2 , then the following two cases are considered. Case 1. v 1 and v 2 belong to the same copy of G n−1 . Without loss of generality, let v 1 , v 2 ∈ V (G 1 n−1 ). By definition 1(6), κ(G 1 n−1 ) = r + 2(n − 2). Then there are r + 2(n − 2) internally disjoint paths between v 1 and v 2 in G 1 n−1 . Case 2. v 1 and v 2 belong to two different copies of G n−1 . Without loss of generality, let
. By Lemma 12, there exists a family of r + 2(n − 2) internally disjoint (v 1 , S)-paths P 1 , P 2 , · · · , P r+2(n−2) such that the terminal vertex of P i is u i . Similarly, there exists a family of r + 2(n − 2) internally disjoint (v 2 , S ′ ) paths
for each i ∈ {1, 2, · · · , r + 2(n − 2)}, then r + 2(n − 2) disjoint paths between v 1 and v 2 are obtained in H.
Lemma 14. Let G n and r be the same as definition 1 and let H = G
n−1 . We prove the result by considering a j for j = 2, 3 and the following two subcases are considered.
Subcase 2.1. a 2 ≥ 1 and
and for any vertex v of M j , one of the two outside neighbours of v belongs to G j n−1 and
where F 1 is a family of a 1 internally disjoint (x, A 1 )-paths whose terminal vertices are distinct in A 1 and F j is a family of a ′ j internally disjoint (x, M j )-paths whose terminal vertices are distinct in M j for 2 ≤ j ≤ l. See Figure 1 . Let M ′ j = {y ′ |y ′ is the outside neighbour of y such that y ′ ∈ V (G j n−1 ) for each y ∈ M j } and
Finally, by combining the l fans F 1 , F 2 , · · · , F l , the edge sets E 2 , · · · , E l , the edges xx ′ , xx ′′ and the paths F ′ 2 , · · · , F ′ l , we can obtain a [r + 2(n − 1)]-fan from x to Y in H. Subcase 2.2. At least one of a 2 , a 3 = 0. Without loss of generality, we assume a 2 = 0 and the following three subcases are considered.
Subcase 2.2.1. a 2 = 0 and a 3 ≥ 2.
Since a 2 = 0 and a 3 ≥ 2, see Figure 2 . Let a ′ j = a j − 2 for j = 3 and
n−1 such that |M j | = a ′ j and for any vertex v of M j , one of the two outside neighbours of v belongs to G j n−1 and M j (A 1 {x}) = ∅ for each j ∈ {3, 4, · · · , l}. By definition 1(5), this can be done. Let M = A 1 M 3 · · · M l . As |M | = r + 2(n − 2) and κ(G 1 n−1 ) = r + 2(n − 2) by definition 1 (6) . By Lemma 12, there exist l − 1 fans Figure 2 : Illustration of Subcase 2.2.1 for A j0 = ∅ for each j ∈ {3, 4 · · · , l} y ′ ∈ V (G j n−1 ) for each y ∈ M j } and E j = {yy ′ ∈ E(G n )|y ∈ M j and y ′ ∈ M ′ j } for 3 ≤ j ≤ l. Let w ∈ V (G 2 n−1 ) and one of the outside neighbours w ′ of w belongs to V (G 3 n−1 ) and w ′ / ∈ {x ′′ } M ′ 3 . By definition 1(5), this can be done. Then there exists a path P ′ between x ′ and w.
Figure 1: Illustration of Subcase 2.1 for
By Lemma 11, there exists a family of a j − |A j0 | pairwise disjoint (A j1 , A j2 )-paths F ′ j in AG j n−1 for 3 ≤ j ≤ l. Next, by combining the l − 1 fans F 1 , F 3 · · · , F l , the edge sets E 3 , E 4 , · · · , E l , the edges xx ′ , xx ′′ , ww ′ , the path P ′ and the paths F ′ 3 , · · · , F ′ l , we can obtain a [r + 2(n − 1)]-fan from x to Y in H. Subcase 2.2.2. a 2 = 0 and a 3 = 1. Since a 2 = 0 and a 3 = 1, there must exist a part and
As |M | = r + 2(n − 2) and κ(G 1 n−1 ) = r + 2(n − 3) by definition 1 (6) . By Lemma 12, there exist l − 1 fans
n−1 from x to M , where F j is a family of a ′ j internally disjoint (x, M j )-paths whose terminal vertices are distinct in M j for 3 ≤ j ≤ l.
Let M ′ j = {y ′ |y ′ is the outside neighbour of y such that y ′ ∈ V (G j n−1 ) for each y ∈ M j } and E j = {yy ′ ∈ E(G n )|y ∈ M j and y ′ ∈ M ′ j } for 3 ≤ j ≤ l. Let w ∈ V (G 2 n−1 ) such that one of the outside neighbours w ′ of w belongs to G k n−1 and w ′ / ∈ M ′ k . Then there exists a path
Then prove the result similar as Subcase 2.1, we can obtain a [r + 2(n − 1)]-fan from x to Y in H.
Subcase 2.2.3. a 2 = 0 and a 3 = 0. In this case, there exists a part G k n−1 such that a k ≥ 2 for k ∈ {4, 5, · · · , l} or there exist two parts G i n−1 and G m n−1 such that a i , a m ≥ 1 for i, m ∈ {4, 5, · · · , l}. Subcase 2.2.3.1. There exists a part G k n−1 such that a k ≥ 2 for k ∈ {4, 5, · · · , l}. For this case, see Figure 3 . Let a ′ j = a j − 2 for j = k and a ′ j = a j for j = k.
As |M | = r + 2(n − 2) and κ(G 1 n−1 ) = r + 2(n − 2) by definition 1 (6) . By Lemma 12, there exist l − 2 fans
) and one of the outside neighbours u ′ of u belongs to V (G k n−1 ) and
) and one of the outside neighbours v ′ of v belongs to V (G k n−1 ) and v ′ / ∈ {u ′ } M ′ k . Then there exists a path P 1 between x ′ and u in G 2 n−1 and a path P 2 between x ′′ and v in
Then prove the result similar as Subcase 2.2.1, we can obtain a [r + 2(n − 1)]-fan from x to Y in H.
Subcase 2.2.3.2. There exists two parts G i n−1 and G m n−1 such that a i , a m ≥ 1 for i, m ∈ {4, 5, · · · , l}.
For this case, see Figure 4 . Let a ′ j = a j − 1 for j = i, m and a ′ j = a j for j = i, m.
by definition 1 (6) . By Lemma 12, there exist l − 2 and a path P 2 between x ′′ and v in
Then prove the result similar as Subcase 2.2.1, we can obtain a [r + 2(n − 1)]-fan from x to Y in H. Since d H (x) = r + 2n − 3, then V (H) contains one outside neighbour of x. Then prove the result similar as Case 2. To avoid duplication of discussions, the discussions for this case is omitted.
Hence, there exists a k-fan from x to Y in H in any case.
Lemma 15. Let G n and r be the same as definition 1 and H = G i n−1
To prove the main result, the following two cases are considered. Case 1. x and y are not adjacent.
Otherwise, x and y are adjacent. Clearly, |Y V (G m n−1 )| ≤ r + 2(n − 2) for m = 1, 2 and |Y | = r + 2n − 3. By Lemma 14, there exist r + 2n − 3 internally disjoint paths P 1 , P 2 , · · · , P r+2n−3 in H from x to Y whose terminal vertices are distinct in Y . If none of the paths P i s for 1 ≤ i ≤ r + 2n − 3 contains y as an internal vertex, then combining the edges from y to Y and the paths P i s for 1 ≤ i ≤ r + 2n − 3, r + 2n − 3 internally disjoint paths between x and y in H can be obtained. If not, there exists only one path which contains y as an internal vertex as P i s for 1 ≤ i ≤ r + 2n − 3 are internally disjoint. Assume that P 1 contains y as an internal vertex and the terminal vertex of P 1 is y 1 . Then P 1 contains a subpath P 1 from x to y. Then combining the edges from y to Y \ {y 1 }, P 1 and the paths P i s for 2 ≤ i ≤ r + 2n − 3, r + 2n − 3 internally disjoint (x, y)-paths in H can be obtained.
Case 2. x and y are adjacent. Choose r + 2(n − 2) vertices x 1 , x 2 , · · · , x r+2(n−2) from G 1 n−1 \ {x} such that one of the outside neighbours of x i belongs to G 2 n−1 \ {y} for each i ∈ {1, 2, · · · , r + 2(n − 2)}. Let X = {x 1 , x 2 , · · · , x r+2(n−2) } and X ′ = {x ′ i |x ′ i is the outside neighbour of x i and x ′ i ∈ V (G 2 n−1 )}. By definition 1(5), this can be done. By definition 1(6), κ(G 1 n−1 ) = κ(G 2 n−1 ) = r + 2(n − 2). By Lemma 12, there exist r + 2(n − 2) internally disjoint paths P 1 , P 2 , · · · , P r+2(n−2) from x to X such that the terminal vertex of P i is x i in G 1 n−1 and r + 2(n − 2) internally disjoint paths 
] as subgraphs of G n are both connected, there is a tree, say T ′ r+2n−4 , connecting v ′ 1 , v ′ 2 and v ′ 3 in G 2 n−1 and a tree, say
Combining the trees T i s for 1 ≤ i ≤ r + 2n − 3, r + 2n − 3 internally disjoint trees connecting S are obtained in G n .
Case 2. There exists a copy of G n−1 which contains two vertices of M and all other copies of G n−1 contain at most two vertices of M .
Without loss of generality, let
The following two subcases are considered.
Subcase 2.1.
] as subgraphs of G n are both connected, there is a tree, say 
Without loss of generality, suppose that
] as induced subgraphs of G n are both connected, there is a tree, say
Combining the T i s for 1 ≤ i ≤ r + 2n − 3, r + 2n − 3 internally disjoint trees connecting S in G n are obtained. 
To prove the result, we just need to show that κ 3 (G n ) ≥ r + 2n − 3. We prove the result by induction on n.
Note that κ 3 (G 1 ) = r − 1. Thus, the result holds for n = 1. Next, assume that n ≥ 2. Without loss of generality, let v 1 , v 2 ∈ V (G 1 n−1 ) and v 3 ∈ V (G 2 n−1 ). By definition 1(6), κ(G 1 n−1 ) = r + 2(n − 2). Then there exist r + 2(n − 2) internally disjoint paths P 1 , P 2 , . . . , P r+2(n−2) between v 1 and v 2 in
· · · G pn n−1 . Then at most one outside neighbour of v 3 belongs to V (G 1 n−1 ) and the following two subcases are considered. Subcase 2.1. Neither of the two outside neighbours of v 3 belong to
Choose r + 2(n − 2) distinct vertices x 1 , x 2 , · · · , x r+2(n−2) from P 1 , P 2 , . . . , P r+2(n−2) such that x i ∈ V (P i ) for 1 ≤ i ≤ r + 2(n − 2), see Figure 5 . At most one of the paths has length 1. If so, say P 1 and let
is an outside neighbour of x and x ∈ Y } {v ′′ 1 }, where v ′ 1 and v ′′ 1 are two outside neighbours of v 1 . Clearly, |Y | ≥ r + 2n − 3 and |Y ′ | = r + 2(n − 1). We can make sure that |Y ′ G j n−1 | ≤ r + 2(n − 2) for each j ∈ {2, 3, · · · , p n }. If not, we can replace with the other outside neighbour of x for some x ∈ Y . As d H (v 3 ) = r + 2(n − 1). By Lemma 12, there exist r + 2(n − 1) internally disjoint (v 3 , Y ′ )-paths Q 1 , Q 2 , · · · , Q r+2(n−1) in H such that the terminal vertex of Q i is x ′ i for each i ∈ {1, 2, 3, · · · , r + 2(n − 2)}, the terminal vertex of Q r+2n−3 is v ′ 1 or v ′′ 1 and the terminal vertex of Q r+2n−2 is v ′ 2 . Let
Subcase 2.2. One of the outside neighbours of v 3 belongs to V (P i ). If v ′ 3 / ∈ V (P ), as G 1 n−1 is connected, there is a (v ′ 3 , v 1 )-path P in G 1 n−1 . Let t be the first vertex of P which is in V (P ) and assume that t ∈ V (P r+2(n−2) ). Clearly, P r+2(n−2) P [v Proof. By definition 1, Q k n (k ≥ 3) can be regarded as the special regular graph G n with G 1 = Q k 1 , a = k, r = 2, s = 2, p n = k and N = ap 2 p 3 · · · p n = k n . By Lemma 4, κ(Q k 1 ) = 2. By Lemma 9, κ 3 (Q k 1 ) ≤ 1. By Lemma 10, κ 3 (Q k 1 ) ≥ 1. Thus, κ 3 (Q k 1 ) = 1. By Lemma 18 and Theorem 1, κ 3 (Q k n ) = 2n − 1 for k ≥ 3 and n ≥ 1.
Application to the split-star network S
2 n Lemma 19. Let S 2 n = S 2 n−1 [1] S 2 n−1 [2] . . . S 2 n−1 [n] for n ≥ 3. Then any two vertices in different copies of S 2 n−1 have at most one common outside neighbour.
Proof. Let u, v ∈ V (S 2 n ), u = v and they belong to different copies of S 2 n−1 . Without loss of generality, let u = u 1 u 2 u 3 · · · u n−1 1 ∈ V (S 2 n−1 [1] ) and v = v 1 v 2 v 3 · · · v n−1 2 ∈ V (S 2 n−1 [2] ). Then the two outside neighbours of u are u ′ = u(1n) = 1u 2 u 3 · · · u n−1 u 1 and u ′′ = u(2n) = u 1 1u 3 · · · u n−1 u 2 , and the two outside neighbours of v are v ′ = v(1n) = 2v 2 v 3 · · · v n−1 v 1 and v ′′ = v(2n) = v 1 2v 3 · · · v n−1 v 2 . If u and v have two common outside neighbours, then {u ′ , u ′′ } = {v ′ , v ′′ }. As u ′ = v ′ , then u ′ = v ′′ and v ′ = u ′′ . By u ′ = v ′′ , we have that v 1 = 1 and u 2 = 2. By u ′′ = v ′ , we have that v 2 = 1 and u 1 = 2. That is, u 1 = u 2 = 2, which is a contradiction. Thus, u and v have at most one common outside neighbour.
Corollary 3. κ 3 (S 2 n ) = 2n − 4 for n ≥ 3.
Proof. By definition 1, S 2 n can be regarded as the special regular graph G n−2 with G 1 = S 2 3 , a = 6, r = 3, s = 2, p n−2 = n and N = ap 2 p 3 · · · p n−2 = n!. By Lemma 6, κ(S 2 3 ) = 3. By Lemma 9, κ 3 (S 2 3 ) ≤ 2. By Lemma 10, κ 3 (S 2 3 ) ≥ 2. Thus, κ 3 (S 2 3 ) = 2. Thus, by Lemma 19 and Theorem 1, κ 3 (S 2 n ) = 2n − 4 for n ≥ 3.
